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Introduction
The well-known topological Tverberg conjecture was raised by E. Bajmoczy and I. Bárány [BB] and H. Tverberg [GS, Problem 84] . It was considered a central unsolved problem of topological combinatorics. For motivations see [BZ, §2, §3] , [Sk14, §8] , [Zi] . The conjecture asserts that for each integers r, d > 1 and each continuous map f : ∆ → R d of the (d + 1)(r − 1)-dimensional simplex ∆ there are pairwise disjoint subsimplices σ 1 , . . . , σ r ⊂ ∆ such that f (σ 1 ) ∩ . . . ∩ f (σ r ) = ∅.
This was proved in the case where r is a prime [BB, BShSz] or a prime power [Öz, Vo, BFZ14] . A counterexample for r not a prime power was found in a series of papers by M.Özaydin, M. Gromov, P. Blagojević, F. Frick, G. Ziegler, I. Mabillard and U. Wagner, most of them recent, see Theorem 1.1 and subsection 'on references' below. The proof is a beautiful and fruitful interplay between combinatorics, algebra and topology.
In this expository note we present a simplified explanation of easier parts of the counterexample, accessible to non-specialists in the area, and give reference to more complicated parts. Cf. [BZ, §5] . Our exposition of the easier parts, in spite of being shorter, is not an alternative proof but just a different exposition avoiding sophisticated language. This language is either not necessary for the disproof at all, or not necessary for exposition of main ideas. If we use a theory, we state explicitly the result proved by this theory ( §3, §4) in terms not involving this theory. This makes application of this result (although not its proof) accessible to mathematicians not specialized in the theory.
Definition of a geometric realization |K|. In this paper 'a finite k-dimensional simplicial complex' is abbreviated to 'a k-complex'. Let K be a k-complex. Denote by V the set of its vertices. Define the geometric realization |K| of K by |K| := p : V → [0, +∞) :
Thus continuous or piecewise-linear (PL) maps |K| → R d are defined.
Definition of an almost r-embedding. A map f : |K| → R d is an almost r-embedding if f (σ 1 ) ∩ . . . ∩ f (σ r ) = ∅ whenever σ 1 , . . . , σ r are pairwise disjoint simplices of K. (We mostly omit 'continuous' for maps.)
Remark. (a) This definition depends on K, not only on |K|. However, below we abbreviate |K| to K; no confusion should arise.
(b) In this language topological Tverberg conjecture states that for each integers r, d > 0 the (d + 1)(r − 1)-simplex does not admit an almost r-embedding in R d .
(c) The notion of an almost 2-embedding first appeared in the Freedman-Krushkal-Teichner work on the Van Kampen obstruction [FKT] .
(d) Any sufficiently small perturbation of an almost r-embedding is again an almost rembedding. So the existence of a continuous almost r-embedding is equivalent to the existence of a PL almost r-embedding. Tverberg conjecture implies that this is also equivalent to the existence of a linear almost r-embedding, because Tverberg conjecture holds for linear maps (Tverberg Theorem [BZ, §2, §3] , [Sk14, §8] ). Thus the counterexample is a counterexample to higher-dimensional r-fold generalization of Fáry Theorem, cf. [PW] . Theorem 1.1 ( [Öz, Gr10, BFZ14, Fr, MW] ). There is an almost 6-embedding of the 100-dimensional simplex in R 19 .
More generally, if r is not a prime power and d ≥ 3r +1, then there is an almost r-embedding
Definition of a global r-fold point, r-intersection sign and Z-almost r-embedding. Let K be a finite simplicial complex of dimension k(r − 1) and let f : K → R kr be a map.
We call a point y ∈ R kr a global r-fold point of f if y has r pairwise distinct preimages, lying in pairwise disjoint simplices of K, i.e., y ∈ f (σ 1 ) ∩ · · · ∩ f (σ r ) and σ i ∩ σ j = ∅ for i = j.
(Thus, f is an almost r-embedding if and only if it has no global r-fold point.) Assume that f is a PL map in general position. Then preimages y 1 , . . . , y r ∈ K of any global r-fold point y ∈ R d lye in the interiors of pairwise k(r − 1)-dimensional simplex of K. Choose arbitrarily an orientation for each of these k(r − 1)-simplices. By general position, f is affine on a neighborhood U j of y j for each j = 1, . . . , r. Take the positive base of k vectors in the oriented normal space to oriented f U j . The r-intersection sign of y is the sign ±1 of the base in R kr formed by r such k-bases.
(This is classical for r = 2 [BE] and is analogous for r ≥ 3, cf. [MW, § 2.2] .) We call f a Z-almost r-embedding if the sum of the r-intersection signs of all global r-fold points y ∈ f (σ 1 ) ∩ . . . ∩ f (σ r ) is zero, whenever σ 1 , . . . , σ r are pairwise disjoint simplices of K.
(The sign of the algebraic r-intersection number depends on an arbitrary choice of orientations for each σ i , but this condition does not.)
Plan of the proof. It is not hard to prove that it suffices to prove Theorem 1.1 for d = 3r+1 [Lo, Proposition 2.5] . Consider the following statements.
(Z r ) There is a Z-almost r-embedding of each 3(r − 1)-complex in R 3r .
(A r ) There is an almost r-embedding of each 3(r − 1)-complex in R 3r .
(T r ) There is an almost r-embedding of the (3r + 2)(r − 1)-simplex in R 3r+1 .
Clearly, the negation of statement (T r ) is the topological Tverberg conjecture for d = 3r +1. 1 Thus a counterexample to the topological Tverberg conjecture (Theorem 1.1) is implied by
• (Z r ) for each r that is not a prime power, see §3;
• (Z r ) ⇒ (A r ) for each r, see §4;
• (A r ) ⇒ (T r ) for each r, see §2.
On references. The statement (Z r ) for each r that is not a prime power follows from Ozaydin's Theorem 3.1 and Mabillard-Wagner's Proposition 3.2, both below. Theorem 3.1 was not stated in [Öz] but easily follows from [Öz] as it was shown in [Fr, [MW, Theorem 7] ; in §4 we outline the idea of a similar shorter proof [AMSW, §3] . 2 The implication (A r ) ⇒ (T r ) (or, in Gromov's formulation, 'the topological Tverberg theorem, whenever available, implies the van Kampen-Flores theorem' [Gr10, 2.9.c, ) was proved in [Gr10, 2.9.c, p.446, 2nd paragraph] Historical remarks. Mabillard and Wagner [MW14] suggested the approach to refuting the topological Tverberg conjecture for r not a prime power by proving and extending (A r ) via (Z r ) (or rather viaÖzaydin's Theorem 3.1). There seemed to be a serious obstacle to completing this approach: maps from the (d + 1)(r − 1)-simplex to R d do not satisfy the codimension ≥ 3 restriction required for (A r ). These maps have actually negative codimension. Frick [Fr] was the first to realize that this obstacle can be overcome by a beautiful combinatorial trick (A r ) ⇒ (T r ). As far as I know [BFZ, §1] , [BZ, §1 and beginning of §5], [Ka] , at the time the paper [Fr] appeared nobody was aware that this implication was earlier explicitly proved by Gromov [Gr10] , 5 and, independently and implicitly by . (See above detailed explanation of references for (A r ) ⇒ (T r ).) Thus the results of [Öz] , [Gr10, BFZ14] and [MW] combined yield counterexamples to the topological Tverberg conjecture for d ≥ 3r + 1 whenever r is not a prime power. (Note that in [Öz, Gr10, BFZ14, MW] many other results not mentioned here are proved.)
The conjecture is still open for low dimensions d < 12, in particular, for d = 2. Another challenging questions are existence of an almost r-embedding
A reader might want to compare the above description of references and historical remarks with historical remarks in [BFZ, §1] Preliminary version of this note was sent in April 2016 to the authors of [Öz, Gr10, Fr, MW, BFZ14, Ka, JVZ] . Besides approvals, I received letters implying that the above description of references is not proper. I asked the authors of these letters to explain which sentences in the description are not proper and why. I also asked to state their opinion, if different from mine, for citation in this note. I received neither explanations nor statements to be cited.
Combinatorics: Gromov-Blagojević-Frick-Ziegler's reduction
Proof that (A r ) ⇒ (T r ) for each r. Denote N := (r − 1)(3r + 2). Take an almost r-embedding ∆ (3(r−1) ) N → R 3r of the 3(r − 1)-skeleton of the N -simplex. Extend it arbitrarily to a map f : ∆ N → R 3r . Denote by ρ(x) the distance from x ∈ ∆ N to the 3(r − 1)-skeleton. It suffices to prove that f × ρ : ∆ N → R 3r+1 is an almost r-embedding.
Suppose to the contrary that r points x 1 , . . . , x r ∈ ∆ N lie in pairwise disjoint simplices and are mapped to the same point under f × ρ. Dimension of one of those faces does not exceed N +1 r − 1, so it is at most 3(r − 1). W.l.o.g. this is the first face, hence ρ(
is an almost r-embedding.
3 Algebra and Topology:Özaydin's theorem and finger moves Plan of the proof of (Z r ) for each r that is not a prime power Denote by Σ r the permutation group of r elements. The group Σ r acts on the set of real d × rmatrices by permuting the columns. Denote by S d(r−1)−1 the set of such matrices with sum in each row zero, and the sum of squares of the matrix elements is 1. This set is homeomorphic to the sphere of dimension d(r − 1) − 1. This set is invariant under the action of Σ r . Theorem 3.1. If r is not a prime power and X is a polyhedron with a free PL action of Σ r , and dim X ≤ d(r − 1), then there is a Σ r -equivariant map X → S d(r−1)−1 .
Let K be a complex. Denote by V the set of its vertices. The simplicial r-fold deleted product
, is the union of products σ 1 ×. . .×σ r formed by pairwise disjoint simplices of K [Ma] . This is a subset of R r#V with no natural structure of a simplicial complex, but it is obviously composed of products of simplices and is therefore a polyhedron. The set K ×r ∆ has the natural action of Σ r , permuting the points in the r-tuple (p 1 , . . . , p r ). This action is evidently free. 
Proof of Theorem 3.1
The idea is to deduce Theorem 3.1 from its local version 'away from a prime p'.
We use the following well-known results of the group theory and the equivariant obstruction theory whose proof we sketch below for the reader's convenience.
Denote the order of p in r! = |Σ r | by
Lemma 3.3 (a particular case of Sylow theorem). For any integer r there is a subgroup G of Σ r having p αp elements.
Remark. The simplest counterexample to topological Tverberg conjecture is obtained for r = 6, when the subgroups of Lemma 3.3 have a very simple description:
• p = 5, G = Z 5 < S 5 < S 6 ( = the subgroup preserving the splitting {1, 2, 3, 4, 5, 6} = {1, 2, 3, 4, 5} ∪ {6} and acting in a cyclic way on {1, 2, 3, 4, 5});
• p = 3, G = Z 3 × Z 3 < S 3 × S 3 < S 6 ( = the subgroup preserving the splitting {1, 2, 3, 4, 5, 6} = {1, 2, 3} ∪ {4, 5, 6} and acting in a cyclic way on both {1, 2, 3} and {4, 5, 6});
• p = 2, G is the subgroup preserving the splittings {1, 2, 3, 4, 5, 6} = {1, 2, 3, 4} ∪ {5, 6} and {1, 2, 3, 4} = {1, 2} ∪ {3, 4}.
Lemma 3.4. Let r be any integer and X a d(r − 1)-polyhedron with a free PL action of Σ r . Then to each subgroup G of Σ r there corresponds a group H G and an element e(G) ∈ H G so that (*) e(G) = 0 ⇔ there is a G-equivariant map X → S d(r−1)−1 ; (**) there is a homomorphism τ :
Proof of Theorem 3.1. If dim X < d(r − 1), then the existence of an equivariant map X → S d(r−1)−1 follows by general position. Now assume that dim X = d(r − 1). Take any prime p. Take a subgroup G of Σ r given by Lemma 3.3 (the p-Sylow subgroup). The group G cannot act transitively on {1, 2, . . . , r}, otherwise this would be a coset of the p-group G and would have order a power of p. Hence we can assume that G preserves the sets {1, . . . , k} and {k + 1, . . . , r} of indices.
This
is defined by mapping X to the G-invariant point. Then by Lemma 3.4, the '⇐' direction of (*) and (**), r! p αp e(Σ r ) = τ e(G) = 0.
Since r is not a prime power, the numbers r! p αp , for all prime divisors p of r!, have no common multiple. So e(Σ r ) = 0. Now Theorem 3.1 follows by Lemma 3.4, the '⇒' direction of (*).
Proof of well-known Lemma 3.3. Construction of a tree T whose leaves are numbered by 0, 1, . . . , r− 1. Take an integer such that p < r < p +1 . Denote by T 0 the graded tree whose vertices are words in the alphabet 0, 1, . . . , p − 1 having at most + 1 letters, and the children of a vertex w are those words that can be obtained from w by adding a letter to the right. The word a 1 a 2 a 3 . . . a +1 is p-adic expansion of the number
Denote by T the tree obtained from T 0 by deleting all the vertices that have no descendant whose number is less than r (in particular, deleting all the vertices whose numbers are greater or equal to r). This gives a strictly smaller tree because r < p +1 . Construction of G. If there are p children of a given vertex v ∈ T then order them in the cyclic way as residues modulo p. If there are less than p children of v then order them linearly according to their last letter. The leaves of grade + 1, or on the level + 1 of T are all ( + 1)-letter words. Let G be the group of automorphisms of T that preserve the grade and the described (cyclic or linear) order of children of every vertex.
Proof that |G| = p αp . First, take all vertices of level (i.e., all parents of the leaves) and independently rotate their children, if the children have a cyclic order. In total, there are p r p such rotations. Second, rotate the cyclic children of level − 1 vertices, with p r p 2 possibilities, and so on. Every element of G can be build this way by rotating the children of the vertices starting from the bottom and going to the top of the tree; this shows that |G| = p αp .
Sketch of a proof of well-known Lemma 3.4. Let H G := H (r−1)d G (X; Z) be the G-equivariant cohomology group w.r.t. the action of G on X and the 'multiplication by the sign' action of G on Z. This group and the element e(G) ∈ H G are defined by trying to construct an G-equivariant map X → S d(r−1)−1 by skeleta of some G-invariant trianguation of X. See [Hu, Sk] for the details. 6 Since dim X = (r − 1)d, we obtain (*). Let forg : H Σr → H G be the 'forgetting symmetry' homomorphism. Clearly, e(G) = forg e(Σ r ).
The property (**) follows because there is a homomorphisms τ : H G → H Σr such that τ •forg is the multiplication by [Σ r : G]. In order to define such a map τ (a transfer homomorphism) let us define a map t :
Extend t(x) to a cochain by linearity. It is easy to check that t defines the required map τ in cohomology, see [Br] for the details.
Sketch of a proof of Proposition 3.2
Before proving the equivalence we reformulate both conditions in terms of linear algebra (more precisely, in terms of cohomology obstruction theory), and relate the reformulations.
Denote d := 3r. Take any
. . , σ r ) be the sum of the r-intersection signs of all r-fold points y ∈ f (σ 1 ) ∩ . . . ∩ f (σ r ). The sum depends on the orientations, but we omit them from the notation.
Clearly, f is a Z-almost r-embedding if and only if the r-dimensional 'matrix' v(f ) (the intersection cocycle) has only zero entries, i.e. v(f ) = 0.
Definition of o(f ). For x 1 , . . . , x n ∈ R d which are not all equal define
This defines a map 
. . , σ r ) [MW, Lemma 27.d] . Here im F · diag is the sum of the 2-intersection signs of im F and diag, both having natural orientation.
is equivariantly null-cohomologous [Hu, Sk] . Since v(f ) = o(f ), the r-dimensional 'matrix' v(f ) is also equivariantly null-cohomologous. Then we obtain from f a Z-almost r-embedding f : K → R 3r using higher-multilplicty generalization [MW, Corollary 44] of van Kampen finger moves corresponding to elementary coboundaries [Fo] , [Sk, ] (cf. fig. 1 .V). The implication (Z r ) ⇒ (A r ) is an easy corollary of the following Global Disjunction Theorem 4.1 (see deduction in [AMSW, §1.3] ). An r-fold point y of a map f : K → R d is called global if its preimages lie in pairwise disjoint simplices of K. Clearly, f is an almost r-embedding if and only if it has no global r-fold point.
Theorem 4.1 (Global Disjunction). Let f : K → R 3r be a general position PL map of a 3(r − 1)-complex K, σ 1 , . . . , σ r pairwise disjoint simplices of K, and x, y ∈ f (σ 1 ) ∩ · · · ∩ f (σ r ) two global r-fold points of opposite r-intersections signs.
Then there is a general position PL map g : K → R 3r such that f = g on K −Int(σ 1 · · · σ r ), and, if z is a global r-fold point of g, then z is a global r-fold point of f and z ∈ {x, y}.
The above theorem is proved using the following 'local' version [AMSW, §3.2] . This result is proved in [AMSW, §3.2 and §3.3] ; this is the most non-trivial part of the proof. The case r = 2 is well known [RS] (cf. fig. 1.II) . The case r > 2 is analogous but requires new interesting ideas of 'piping' and 'unpiping'.
Appendix: comparison to another exposition of references
Here I compare exposition of references from §1 to a different exposition of references given in [BZ] (cited in italics). 7 Numbered references refer to citations of [BZ] , lettered references refer to citations of this paper, [S] is this paper.
Recall that a map f : K → R d of a simplicial complex is called an almost r-embedding if f (σ 1 ) ∩ . . . ∩ f (σ r ) = ∅ whenever σ 1 , . . . , σ r are pairwise disjoint simplices of K.
(1) I suggest to explicitly state the following roposition, and present its proof. Proposition. (Gromov, Blagojević, Frick, Ziegler; this is essentially the implication '(A r ) ⇒ (T r )' of §1.) If k, r are integers and there is an almost r-embedding of the k(r − 1)-skeleton of the (kr + 2)(r − 1)-simplex in R kr , then there is an almost r-embedding of the (kr + 2)(r − 1)-simplex in R kr+1 .
Currently the Proposition is not stated in [BZ] , and is proved separately for r a prime power ( §4.1) or not ( §5) in the proof of other results; neither case of the Proposition uses the fact that r is a prime power or not. This is misleading, cf. remark (4) below.
Although explicit statement and proof not repeated twice will make exposition only a a little shorter, this will make exposition substantially clearer.
(2) P. 1, 2nd paragraph. 'The topological Tverberg conjecture was extended to the case when r is a prime power by MuradÖzaydin in an unpublished paper from 1987 [36] .' I suggest to add a reference [43] to the first published proof, otherwise the sentence is misleading.
Although this addition justifies that Frick's observation is important, the above sentence is misleading without indicating relations to previous publications. Indeed, 'the failure of the generalized Van Kampen-Flores theorem when r ≥ 6 is not a prime power' means that there is an almost r-embedding of the k(r − 1)-skeleton of the (kr + 2)(r − 1)-simplex in R kr . 'The existence of counter-examples to the topological Tverberg conjecture' means that there is an almost r-embedding of the (kr + 2)(r − 1)-simplex in R kr+1 . Thus Frick's observation is the above Proposition. The Proposition was explicitly proved in [26, 2.9 .c] and implicitly in [13] , see subsection 'on references' of §1.
(5) P. 21, last paragraph. '... We present counterexamples to the topological Tverberg conjecture for non prime powers derived by Frick [25] [11] from the remarkable works ofÖzaydin [36] and of Mabillard and Wagner [32] [33].' I suggest to modify this phrase in a way consistent with suggestion (4). (6) I suggest to add references to other expositions of references concerning disproof of topological Tverberg conjecture, including [S] and [JVZ] . If the authors disagree with those expositions, it would be very valuable if they explain which sentences exactly they disagree with, and why (cf. remarks (2)- (4) above). However, it is misleading to ignore those references.
